Section 3.1. Integration by parts.

Examples. Evaluate the following integrals.

1. /xsinxd:c
1

2. / r2e? dx
0

Exercises. Evaluate the following integrals.

L. /lnxd:l; (use u = Inz and dv = dx)

Solution. We have du = %dm and v = . Then

/lnxd:r:xlna:—/a:-ld:z:za:lna:—/ldx:xlnx—aﬂrc.

T
2. /hl—xdx

Solution. Letting v = Inz and dv = - dz, we have du = %daz and

1 1 1 1
:—— Then/ﬂdac——H /—da:——ﬂ——-l—c.

T
3. / 2 % dx
0

Solution. Let’s first evaluate the indefinite integral. Integrate by parts
three times: first with v = 23, then v = 22, and finally, with v = z. In

all cases, dv = e *dz, so v =—e*. We have [ 2%e “dzx =

—r3e T + 3/%2636 dr = —x3e ™% — 322%™ + G/xex dr =

3

— et 3% "

—6xe *+6 / e ¥ = —pde ¥ —3r%e ¥ —6xe C—6e C+C.

—16e7 1 +6.

1
Then / e dr = (—:zsge_x — 3x%e ™ — 6re " — 66_”3) |(1) =
0



Section 3.2 Trigonometric Integrals.

Examples.

1. /cos3xsinxdx
2. /Cos?’a:sin?’xdx

Useful trig identities:
sinz 4+ cos?x =1, tan?z + 1 =sec’s
sin(a £ b) = sinacosb =+ cosasinb
cos(a + b) = cosacosb Fsinasinb
sin(2z) = 2sinx cosx
cos(2x) = cos?x — sin’x = 2cos’z — 1 =1 — 2sin’x
sina cos b = 3(sin(a + b) + sin(a — b))
cosacosb = 1(cos( +b) + cos(a — b))
smasmb = 1(cos(a — b) — cos(a + b))
cos’ x = %(1 + cos(2x))

2 5(1 — cos(2x))

sin“x =

Exercises.

1. /COS2xd$
r  sin2x

1
Solution. /COS2 rdr = 5 /(1 + cos 2x) dv = —

c
2" "

2. / cos? & sin? & dw
. ) .. 9 1 .9 1
Solution. [ cos”xsin”xdr = 1 [ sin 2z dxr = 3 (1 — cosdx)dr =

x sin 4ac

+C

1
/cos rsin®x dr = 4/(1+cos2x)(1—0082.7:)dx:

1 1
/l—cos 27) dx—1/<1—§(1+cos4x)) dx =
r sindx
S Zcosdr ) dr=2 - |
/( COS x) T=2 5 +C




3. / sin bx cos 3x dx

1
Solution. /sin Sx cos 3x dx = 5 /(sin 8x + sin 2x) dx =

cos&8r  cos2x

— — C.
16 4 +
4. /tan5xsec2xdx
6 tan®
Solution. /tan5a:se(32xd:r::/u5du=%+0: aré x+C’;

where © = tan .



Section 3.3 Trigonometric Substitution.

Examples.

1. /\/l—xzdx

1
2. /\/ﬁ dx
Recall that
o 1 —sin?t = cos?t,
o 1 +tan’t = sec’t,
o sec’t — 1 = tan’t.
So for integrals involving
° m, use r = asint,
° \/m, use r = atant,
° m, use x = asect.

Exercises.

1
1. | —=dx
/ V4 — 22
Solution. Although the trig substitution x = 2sint can be used (and will
work fine), it is not actually needed here since there is a faster way:

/ﬁdaz—/dew—sm (5)+¢

2. —dac
/ Vaz—4

Solution. Using x = 2sect, dx = 2 secttantdt, we have

ZSecttant
/\/7 / YT /sectdt:ln|sect+tant|+C:
\/7
5 |7



1
[

Solution. Using x = tant, dz = sec®tdt, we have

1 2t 1
/mdx:/sec4tdt:/C082tdt:5/1+C082tdt:
X SecC

t+Sin2t+0_tan_1x+sintcost+c_tan_lsc+ T
2 4 2 2 2 2(1 + 2?)

+C.



